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ABSTRACT. For the Cauchy problem for an operator differential equation of the 
form y'{z) = Ay(z), where A is a closed linear operator on a Banach space over the 
field of p-adic numbers, the criterion of well-posedness in the class of locally analytic 
vector-functions is established. It is shown how the Cauchy-Kovalevskaya theorem 
for p-adic partial differential equations may be obtained as a particular case from 
this criterion. 

1. Let 03 be a Banach space with norm || ■ || over the completion Q = Q p of an algebraic 
closure of the field of p-adic numbers [1 - 3] (p is prime), and let A be a closed linear operator on 
05, that is, the convergences V(A) 3 and Ax n — > y (n — > oo) in OS imply the inclusion 

x G T>(A) and the equality Ax = y (T>(-) is the domain of an operator). 

For a number a > 0, we put 

E a (A) = {xe p| V(A n ) 3c = c(x) > Vfc G N \\A k x\\ < ca k }. 

n€N ={0,l,2,... } 

The linear space E a (A) is a Banach space with respect to the norm 

,, , \\A n x\\ 
\\x\\ a = sup — . 

neN OL n 

The set 



E(A) = |J E a (A) 

is endowed with the inductive limit topology of the Banach spaces E a (A): 

E(A) = ind lim E a (A). 

a— >oo 

By the closed graph theorem, E(A) coincides with 03 if and only if T>(A) = 03. The elements of 
E(A) are called entire vectors of exponential type for the operator A. Define the type a(x; A) 
of a vector x G E(A) as 

a(x;A) = inf{a > : x G E a (A)} = lim p n x||". 

Thus, the equality a(x; A) = a means that for an arbitrary e > 0, there exists a constant 
c £ = c e (x) > such that 

\fnE N \\A n x\\ < c £ (a + e) n , 
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and 

\\A ni x\\ 
lim r — = oo 

i^oo (a — e) n% 

for some subsequence rii — > oo when i — > oo. In the case, where the operator y! is bounded, the 
type of a vector a; G 03 = -E'(A) does not exceed the norm of A: 

VxG03 a{x-A) < \\A\\. 

2. The object of consideration now is a power series 

oo 

y(z) = °nZ n , c n 6 58, z G tt. (1) 

n=0 

For such a series the convergence radius is determined by the formula 

r = r(y)= \ ■ (2) 

hm n _ 00 Vll^H 

In the open disk e?(r~; Q) = {2 G f2 : \z\ p < r}, the series (1) defines a vector-function y(z) with 
values in 03 (| • | p is the p-adic valuation on Q). 

Denote by 2l ioc (03) the set of all vector-functions y(z) which are represented by a series of the 
form (1) with r{y) > 0. It is obvious that 2l; oc (03) is a vector space over Q. We call its elements 
locally analytic vector-functions. The convergence y n — > y (n — > 00) in 2l/ oc (03) means that there 
exists a number 5 > such that r{y n ) > 5, for any n G N, and for an arbitrary e G (0, 5), 

sup ||y n (z) - y(z)|| -> 0, n -> 00. 

\z\p<5 — E 

Let y G 2l/ oc (QS). Its derivatives are defined as 

00 

= £( n + 1) . . . (n + k)c n+k z n , k G N. 

n=0 

It follows from (2) that 

r(y (k) ) > r(y). 
It is easily checked also that if z — > 0, then 

y(z) - 2/(0) = c , and V^M^M _» y (*+D( ) = Cfc+1 (A; + 1)! (3) 

z 

in the topology of 05. 

3. Let us consider the Cauchy problem 

~dT = MZ) (4) 

2/(0) = yo, 

where A is a closed linear operator on 03. We say that a vector-function y(z) from 2l; oc (03) is a 
solution of problem (4) if y(z) G T>(A) for z G d(r(y)~; Q) and satisfies (4) in this disk. 
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Theorem 1. In order that problem (4) have a solution in 2lz oc (23) ; it is necesary and sufficient 

that Uq G E(A); moreover o~(yo] A)r(y) = p~~~ . The problem (4) is well-posed, that is, the 
solution is unique, anf if a sequence of initial data y n>0 G E(A) converges to y in E{A), then the 
sequence of the corresponding solutions y n (z) G 2t^ oc (23) converges to y(z) in the space 2tz oc (^3) ■ 

Proof. Suppose that 

oo 

V( z ) = J2 Ckzk > c fe e?B ' z ed(r(y)';Q), 

k=0 

is a solution of (4). Then c k G T>(A), k G N . Indeed, c = y(0) = y G T>(A). Since 

V(A)3 V -^^ = J2 C ^- 1 

and 



Cl, 
k=0 



A(y(z) - y ) y'(z) - y'(0) 
= > 2c 2 

z z 

as z — > 0, we have because of closure of the operator A that c\ G T>(A), and Ac\ = 2c 2 - Using 
(3), we get by induction that 

yk g N c k = — ^± e v(A), 
k 

hence, 

Vfc G N y G £>(A fc ), and A k y = k\c k . 

In view of (2), 



r(y) n-><x> y |n! 
Taking into account the equality 

lim \ \n\\ p = p~~ 

(see [1]), we obtain 

i_ 

p p- 1 



lim V\\A n y l - 
n->oo r(yj 

whence 

VnGN ||A n y || < ca n , 

i_ 

where < c = const, a = So, y £ and <7(y ; ^^(y) = p'^ 1 ■ 

Conversely, let ?/o be an entire vector of exponential type for the operator A with a(yo; A) = a. 
Then the series 

»M = E^' («) 

fc=0 

is convergent in the disk <i(r~; fi), where 



We shall prove now that if z G d(r~; Q), then y(z) G T>(A). Really, since every component of 
series (5) belongs to T>(A), the sums 

fc=0 

the sequence £^(2) converges to 1/(2) (n — > 00) in the topology of 03. As cr(A?/ ; A) = a(y ; A) = 

a, the sequence AS n (z) = E — — — z k , n G N, converges in 03 (n — > 00) in the same disk 

fe=o k\ 

d(r~; Q). Since the operator A is closed, we have that y(z) G T>(A) when z G d(r _ ; Q). 

The formal differentiation of series (5) verifies that y(z) satisfies (4). Thus, the vector- 
function (5) is a solution of problem (4). 

It remains to check the well-posedness of problem (4). Assume that y„ )0 — > yo (n — ► 00) in 
E'(A). This means that there exists a number a > such that y nt o G E a (A) for sufficiently large 
n, and \\y n o — yo\\a — ¥ as n — > 00. It follows from the above proof of sufficiency that 



r(y n ) > 



i_ 

p p- 1 

a 



p p- 1 

So, we may take 5 = , and to complete the proof, we need only show that for an arbitrary 

a 

fixed e G (0, 1), ||y n (<z) ~ y( z )\\ ^ (n ^ 00) uniformly in the disk d((l — e)5~; ft). We have 



\y n (z) - y(z)\\ = 



E 



A k (y n ,o ~ Vo)z k 



k\ 

k=0 



00 M -4*(y„.o - s/o)!!^" 1 



E 



< 

\k\ 

k=0 1 



P 



E <- 7 ^ <- n^iu E 

fc=o " fe " k=0 1 lp fe=0 " 11 

Taking into account that 



lib! I 



k 

< pP- 1 



(see [2]), we arrive at the inequality 

\\y n (z) - v{z)\ < £~ l \\y n fl - yolU, 

and therefore problem (4) is well-posed. Q 



4^o 
/, fc! 



It is seen from the proof of Theorem 1 that the series E , f u z k is convergent for all z G VL 
if and only if y G f| £ a (4). 

a>0 

Corollary 1. // i/ie operator A is bounded, then for any y G 03, t/ie Cauchy problem (4) is 
well-posed in the class 2l; oc (03). 

Remark 1. 7/03 is a Banach space over the field C of complex numbers, then, as was shown 
in [4], problem (4) is well-posed in the class of locally analytic vector-functions if and only if yo 
is an analytic vector for the operator A, that is, yo G f] V(A n ), and 

neN () 

3a > 3c> VA; G N \\A k yo\\ < ca k k\. 

In this case, in order that problem (4) be well-posed in the class of entire vector- functions of 
exponential type, it is necessary and sufficient that yo G E(A). 
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4. In this section we show how the existence and uniqueness theorem for the Cauchy problem 
for partial differential equations over a non-archimedean field of characteristic zero (see [5]) may 
be obtained from the above result. 

Let A p be the space of fi-valued functions f(x) analytic on the n-dimensional disk 

d(p + ; n n ) = = (xi, . . . x n ) G Vt n : \x\ p = (j^ ^ 
This means that 

fix) = V f a x a , f a e n, lim |/ a | p pH = 0, 

z — * |ct|^oo 
a 

where a = (cti, . . . a n ), G No, \ct\ — a.\ + • • • + «„• 

The space A p is a non-archimedean Banach space with respect to the norm 



p 

a 



sup|/ Q | p p |a| . 



It is clear that the differential operators 



&f \ ^ p ai a j~l u„ i 

~q^~ — / J a jja x l ■ ■ ■ X j ■ ■ ■ X n i J ~ *-■> ■ ■ ■ ■>'■ 
3 n 



are bounded in A p , and 



df 



dxj 



max \f a Uj\ P P lal 1 < - max |/ a | p p |a| 



a 
P 



P- 



The multiplication map 

G:f~fg, 

where g G A p , is bounded in A p , too, and 

\\G\\ = \\g\\ P . 

Indeed, let f(x) = Y1 f a x a , g(x) = Y1 9a x a , a = (ati, . . . , a n ). Then 

a a 

f(x)g(x) = ^2c a x a , 

a 

where 

c a =J2 fi9a-i = E • • • E f^ n9ai -n,., an - in (i = (n, . . . 

0<i<a ii=0 i n =0 

So, 

||/sL = sup max l/ilpl^a-ilp/'p' 011 " 1 * 1 < II/IUMIp- 

a 0<«<a 

We pass now to the Cauchy problem 

= ± a ,(x)D^u(t,x) 

dt |/3|=0 (6) 

it(0, x) = <p(x), 



where a p (x) G A p , tp(x) G A p , D 13 = —j —j-. 

OX{ . . . OXn 

In the space A p we define the operator A as follows: 

n 

l/J|=o 

The relations 

n 

IE ^^ll - m f x 11°^/ Hp ^ m a x II a /3 Hp 11^/ Hp < max{p" l/3| ||a /3 || p 

show that the operator A is bounded, and 

\\A\\<rn^{p-^\\a p \\ p }. 

It follows from Corollary 1 that problem (6) is well-posed in % oc (A p ) in the disk 

"\ 

P p_1 { 
teQ:ltlp< m^{p-m\\a,\\ p }j- 

It should be noted that Theorem 1 is valid also in the case where 03 is a Banach space over 

i_ 

an arbitrary non-archimedean field K of characteristic zero. But then the role of p p- 1 is played 
by a certain constant b = b(K) such that < b n (see, for instance, [6]). 
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